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Abstract
We present a discussion of superconductivity in non-centrosymmetric superconductors with spin-
orbit coupling. A general expression for the quasiparticle excitation energy is derived. The super-
conducting states for the point group C2v are classified by symmetry in the limit of weak spin-orbit
coupling. A non-unitary triplet pairing gap function can account for observations of broken time-
reversal symmetry and nodes in the superconducting state of LaNiC2; however such a gap function
also has a gapless branch and requires vanishing spin-orbit coupling.
PACS numbers: 74.50.+r, 72.25.-b, 74.20.Rp, 74.70.Tx
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I. INTRODUCTION
There are many non-centrosymmetric (NCS) superconductors, including CePt3Si,
1
Cd2Re2O7,
2,3 Mg10Ir19B16,
4 Li2Pd3B,
5 Li2Pt3B,
6 UIr,7 LaNiC2,
8 and BiPd.9 The main con-
sequence of broken inversion symmetry in superconductors is that it admits the possibility
of mixed spin singlet and spin triplet pairing. However, the determination of the symmetry
of the superconducting state follows the same principles as for centrosymmetric supercon-
ductors, namely the identification of the order parameter corresponding to an irreducible
representation of the symmetry group of the crystal. The symmetry group of the normal
state consists of the (magnetic) space group, U(1) gauge symmetry, and SU(2) spin rotation
symmetry if spin-orbit coupling is sufficiently weak. Often, the magnetic space group is just
the product of the ordinary space group with time reversal symmetry (TRS); however in
some cases (such as CePt3Si) the magnetic space group is more complicated because of the
existence of magnetic order above the superconducting transition. Here we are concerned
with the former type, among them LaNiC2.
The various phenomena associated with broken gauge symmetry mark the onset of su-
perconductivity. If gauge symmetry is the only symmetry that is broken at the transition
then superconductivity is “conventional”, otherwise it is “unconventional”. In unconven-
tional superconductors broken gauge symmetry may be accompanied by a lower point group
symmetry, broken TRS, or even broken translation symmetry. There are few examples of
superconductors with broken TRS. The most famous is Sr2RuO4,
10 and it has also been pro-
posed for PrOs4Sb12.
11 A recent µSR experiment by Hillier et al.12 showed that on entering
the superconducting state at Tc = 2.7K, LaNiC2 also simultaneously breaks TRS.
Various experiments performed on LaNiC2 have led to different proposals for the symme-
try of the superconducting gap function based on the presence of nodes. Early measurements
of specific heat13 and NQR 1/T1 relaxation time
14 suggested conventional BCS behaviour.
Another early experiment on specific heat found evidence for point nodes.8 Finally, a recent
penetration depth measurement15 found a power law dependence on temperature, indicative
of nodes, most likely line nodes. Based on these experimental findings, we will explore the
possible symmetry groups of the superconducting order parameter, especially those with
broken TRS.
The outline for this article is as follows. We begin by examining band electrons in a
2
lattice without inversion symmetry with spin-orbit coupling. Using a spin helicity basis,
we derive a general expression for the quasi-particle excitation energy. In order to clas-
sify superconducting states in LaNiC2, two approaches are considered in the limit of weak
spin-orbit coupling.12,16 The type (line vs. point) and location of nodes are calculated and
compared with experiment.
II. SUPERCONDUCTIVITY IN NON-CENTROSYMMETRIC CRYSTALS
The normal state Hamiltonian for band electrons in a lattice without inversion symmetry
is
H0 =
∑
k,s
ξkc
†
kscks +
∑
k,s,s′
(gk · σ)ss′ c
†
kscks′ , (1)
where electrons with momentum k and spin s (=↑ or ↓) are created (annihilated) by the
operators c†
ks (cks), ξk is the band energy measured from the Fermi energy ǫF and σ are
the Pauli matrices. The second term in the Hamiltonian (1) is spin-orbit coupling (SOC).
The form of the SOC is governed by the symmetry of the underlying point group. In a
non-centrosymmetric crystal it is common to assume that g−k = −gk. Because of broken
parity and SOC, the spin degeneracy of the band is lifted. By diagonalizing H0, one finds
two non-degenerate bands with energies ξkλ = ξk + λ|gk| where λ = ±1 is “helicity” of the
bands. Therefore in the diagonalized basis H0 (1) becomes H0 =
∑
k,λ ξkλc˜
†
kλc˜kλ, where c˜
†
kλ
and c˜kλ are the electron creation and annihilation operators for the band with helicity λ and
momentum k. The unitary transformation from the spin basis to the helicity basis is17,18
ck↑ =
1√
2|gk|
[√
|gk|+ gkzc˜k+ +
√
|gk| − gkzc˜k−
]
ck↓ =
eiφk√
2|gk|
[√
|gk| − gkzc˜k+ −
√
|gk|+ gkz c˜k−
]
where eiφk =
gkx+igky
|gk|
.
To describe superconductivity, we add to H0 (1) a superconducting pairing term H1,
H = H0 +H1
H1 =
1
2
∑
k,s,s′
[
∆ss′(k)c
†
ksc
†
−ks′ −∆
∗
ss′(−k)c−kscks′
]
(2)
where ∆(k) is the gap function, a 2× 2 matrix in spin space of the form
∆(k) = iψ(k)σy, ψ(k) = ψ(−k) (3)
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for singlet spin pairing, or
∆(k) = id(k) · σσy, d(k) = −d(−k) (4)
for triplet pairing. ∆(k) is associated with one of the irreducible representations of the
point group. In a NCS superconductor, the gap function can be a mixture of even and odd
representations,
∆(k) = [ψ(k) + d(k) · σ] iσy . (5)
If ∆∆† is proportional to the unit matrix then superconductivity is “unitary”, otherwise it
is “non-unitary”. In a centrosymmetric superconductor, non-unitarity arises in the triplet
channel from broken TRS, which splits the quasi-particle energy degeneracy. In a NCS
superconductor, the gap function (5) is non-unitary due to mixed parity.
In the helicity basis, H takes the form
H =
∑
k,λ
[
ξkλc˜
†
kλc˜kλ +∆λ(k)c˜
†
kλc˜
†
−kλ −∆
∗
λ(−k)c˜−kλc˜kλ
]
+
∑
k,λλ′
(
∆λλ′(k)c˜
†
kλc˜
†
−kλ′ −∆
∗
λλ′(−k)c˜−kλc˜kλ′
)
,
(6)
where
∆λ(k) = −λe
−iφ [ψ(k) + λ(d(k) · gˆk)] (7)
∆λλ′(k) =
λe−iφ√
g2
kx + g
2
ky
[{gˆk × (d(k)× gk)}+ iλ
′(d(k)× gk)]z (8)
and gˆk is the unit vector along gk. Eq. (8) clearly indicates that for d(k) parallel to gk the
interband pairing term completely disappears. This results in less condensation energy for
the superconducting state therefore stabilizing d(k) ‖ gk.
19
Neglecting interband pairing, we find the quasiparticle excitation energy,
Ekλ = [ξ
2
kλ + |ψ(k)|
2 + (d(k).gˆk)(d
∗(k).gˆk) + λ(ψ(k)d
∗(k) + ψ∗(k)d(k)).gˆk)]
1
2 , (9)
which is non-degenerate due to the lifting of band degeneracy in the normal state and a
mixed parity superconducting gap function. When TRS is preserved (d and ψ are real), we
have
Ekλ =
[
ξ2kλ + (ψ(k) + λ(d(k).gˆk))
2
] 1
2 , (10)
which is a well-known result for a general NCS superconductor. However, in LaNiC2, SOC
is expected to be weak and therefore interband pairing should be considered.
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TABLE I: Sample gap functions for singlet ψ(k) and triplet d(k) pairing for the point group C2v
when SOC is included21. The first column lists the irreducible representations of C2v, the second
and third columns list representative forms for the functions ψ(k) and d(k), the fourth column is
the symmetry of the superconducting state and the fifth column lists symmetry-required nodes.
A, B and C are arbitrary constants.
C2v ψ(k) d(k) Symmetry Nodes
A1 1 (Akx, Bky, Ckz) C2v × T none
A2 kxky (Aky , Bkx, Ckxkykz) C2v(C
z
2 )× T point [001]
B1 kxkz (Akz , Bkxkykz, Ckx) C2v(σxz)× T point [010]
B2 kykz (Akxkykz, Bkz, Ckx) C2v(σyz)× T point [100]
III. CLASSIFICATION OF SUPERCONDUCTING STATES
Now we perform a symmetry analysis of possible superconducting states. LaNiC2 crystal-
lizes into a single phase of orthorhombic space group Amm2 (No. 38, C142v ). Possible super-
conducting states are derived from irreducible representations of the normal-state symmetry
group. If we consider that SOC is weak then there are two approaches:
i) band splitting due to SOC is neglected, but the helicity basis is used to describe super-
conductivity, with interband pairing. Then the normal-state symmetry is C2v × T × U(1),
where T is time-reversal and U(1) is gauge (phase) symmetry.16
ii) spin-orbit coupling is completely neglected and so the symmetry group (for a pair of
spins) is SO(3)× C2v × T × U(1).
12
These approaches differ from the limit of strong SOC when interband pairing can be
neglected.20
The first approach yields functions ψ(k) and d(k) that are the same as strong SOC
in a centrosymmetric superconductor, therefore the trial functions listed in Table I are
the same as those for D2h.
21 The only difference between the NCS and centrosymmetric
cases is that mixed parity states are allowed. The magnitude of the gap of a mixed-parity
centrosymmetric superconductor is |∆±(k)|
2 = |ψ(k)|2 + |d(k)|2 ± |p(k) + q(k)|, where
p(k) = ψ(k)d∗(k) + ψ∗(k)d(k) and q(k) = id(k) × d∗(k).22 TRS is not broken for any
of the phases involving the 1D order parameters listed in Table I, but the gap function is
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TABLE II: Sample gap functions for singlet and triplet pairing for the point group C2v when there
is no SOC.21 The first column lists the irreducible representations of SO(3) × C2v , the second
column lists representative forms of ψ(k) and d(k), the third column lists the symmetries of the
superconducting states and the fourth column lists symmetry-required nodes.
ψ(k) Symmetry Nodes
1A1 1 SO(3) ×C2v × T none
1A2 kxky SO(3) × C2v(C
z
2 )× T lines
kx, ky = 0
1B1 kxkz SO(3) ×C2v(σxz)× T lines
kx, kz = 0
1B2 kykz SO(3)× C2v(σyz)× T lines
ky, kz = 0
d(k) Symmetry Nodes
3A1 (0, 0, 1)kxkykz D∞(C∞)× C2v × T lines
(1, i, 0)kxkykz D∞(E)× C2v kx, ky , kz = 0
3A2 (0, 0, 1)kz D∞(C∞)× C2v(C
z
2 )× T line
(1, i, 0)kz D∞(E)× C2v(C
z
2 ) kx = 0
3B1 (0, 0, 1)ky D∞(C∞)×C2(σxz)× T line
(1, i, 0)ky D∞(E)× C2v(σxz) ky = 0
3B2 (0, 0, 1)kx D∞(C∞)× C2v(σyz)× T line
(1, i, 0)kx D∞(E)× C2v(σyz) kx = 0
non-unitary because ∆∆† is not proportional to the identity matrix and the magnitude of
the gap is |∆±(k)| = |(|ψ(k)| ± |d(k)|)|. Symmetry-required nodes are those which occur
in ∆±(k) for any values of the parameters A, B and C; lines nodes may also be found for
∆−(k) depending on the choice of parameters.
22
The gap functions resulting from the second approach are tabulated in Refs. 12,16 and
reproduced in Table II. Table II also gives the symmetry21 and symmetry-required nodes of
each possible phase. In the singlet cases, SO(3) spin symmetry is preserved. However, in
the triplet cases two possibilities are realised. In the first possibility the triplet spin state is
of the form | ↑↓〉+ | ↓↑〉. The symmetry of this spin state is D∞(C∞)× T . This possibility
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is shown in the upper rows of the triplet cases in Table II. The other possibility is that the
spin state is of the form | ↑↑〉, that is, the spin points in a definite direction. This state
breaks TRS; its symmetry group is D∞(E). Combined with the real-space part of the gap
functions, we find twelve distinct superconducting phases. In all cases except the trivial 1A1
case the gap function has line nodes; in the non-unitary case these occur in ∆+(k), where
|∆±(k)| =
√
|d(k)|2 ± |q(k)| and q(k) = id(k)× d∗(k), while the ∆−(k) is gapless.
12
We now discuss those phases that have broken TRS, as observed in Ref. 12. According
to the symmetry classifications, the only phases that break TRS are found in the weak
SOC classification scheme (Table II) and are non-unitary. These always occur with line
nodes and gapless excitations.12 Gaplessness should be reflected in power laws, but it seems
unlikely that any of the early specific heat experiments8,13 are compatible with gapless
superconductivity. Therefore, it is difficult to reconcile a state with broken TRS with these
measurements.
There is second issue related to broken TRS in a C2v crystal that is difficult to resolve.
According to the results of symmetry classification, a TRS breaking state is possible only
when SOC is completely neglected. However, SOC exists in the normal state23, and while
its effects are smaller than that of CePt3Si, it is large enough to justify a strong SOC
approach.23 However, there are no broken TRS states in this approach. Therefore, in order
for TRS to be broken there must be a decoupling of the orbital and spin degrees of freedom
in the superconducting phase.
To summarise, beginning with the most general description of superconductivity in non-
centrosymmetric crystals, we have analysed possible superconducting phases for the point
group C2v, assuming weak spin-orbit coupling. In order to account for TRS breaking, su-
perconductivity in LaNiC2 should be described by a non-unitary order parameter in the
triplet channel with SOC neglected. Such a gap function has line nodes in its upper branch
while its lower branch is gapless. In order to confirm this phase, further investigations that
can establish the existence and positions of line nodes and gapless superconductivity are
required.
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